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Motivated by the study of risk measures in mathematical ﬁnance, we study the relationship
between the relevance and no arbitrage properties of a speciﬁc class of mappings acting on
ordered vector spaces. Our ﬁndings justify the relationships between these two properties,
a theoretical primer in the literature.
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1. Introduction and main result
Let E be a vector space endowed with a vector ordering  and ﬁx a total subspace E× in the algebraic dual E ′ of E . We
are interested in real valued mappings ρ deﬁned on E of the following form:
ρ(x) = sup
f ∈A
[
f (−x) − α( f )], (1)
for some non-empty set A ⊆ E× and where α : E× → R is such that α( f )  0 for f ∈ A. In a ﬁnancial mathematics
set-up, E is the space of ﬁnancial positions, E ′ the space of linear price systems, and the class of mappings (1) is very
rich, as it contains coherent measures of risk, convex measures of risk, capital requirements for processes, and convex
increasing functionals (cf. [1–10]). Under some regularity conditions, the Fenchel–Legendre duality theory yields a robust
representation (1) for such mappings, with a correction (or penalty) term α.
On one hand, risk measures should be able to identify risky ﬁrm net values, a property called relevance in the literature,
see Deﬁnition 3.4 in [4]; on the other hand, in practice, one is interested in mappings that do not generate arbitrage (or
free lunches), see [3, pp. 169–170], and it is our purpose to prove that the properties of relevance and no arbitrage are equivalent
for mappings deﬁned by (1), in a very natural way, and under fairly general hypotheses. For our readers’ convenience, we collected
the necessary facts from the general theory of ordered vector spaces in Appendix A.
Deﬁnition. Let f0 be a real valued mapping on E . We say that ρ is f0-relevant (cf. [10, p. 796]) if
ρ(x) 0 and ρ(−x) 0 imply f0(x) = 0. (2)
The ﬁnancial interpretation of (2) is the following: each position x  0 in E that satisﬁes f0(x) = 0 is unacceptable.
Also, the mapping f0 quantiﬁes how risky unacceptable positions are one with respect to each other. For instance, consider
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G. Stoica, D. Li / J. Math. Anal. Appl. 366 (2010) 124–127 125a probability space (Ω,F , P ), let E := L∞(Ω,F , P ) and deﬁne f0(x) := P {x < 0}. Then each position x ∈ E that satisﬁes
f0(x) > 0 is unacceptable; also, if f0(x) > f0(y), then x is riskier than y.
Remarks. Assuming that E is a σ -complete vector lattice with strong order unit and ρ is continuous from above (or,
equivalently, has the Fatou property), then deﬁnition (2) of relevance is equivalent to the following:
x 0 and f0(x) = 0 imply ρ(−x) > 0
(for a proof, see [10, p. 798]); the latter is, when E = L∞(Ω,F , P ) and f0 = P , Delbaen’s Halmos–Savage-type deﬁnition of
relevance, cf. [4, pp. 7–10].
Other deﬁnitions for relevance may fail to distinguish among the unacceptable positions x (i.e., with strictly positive
risk ρ(x)), e.g., mappings ρ satisfying:
ρ(x) 0 and ρ(−x) 0 imply x = 0 (3)
(cf. [9, p. 183], or [1, Proposition 3.1]) or other weaker forms of the above (cf. [5, p. 436], or [6, p. 42]).
Deﬁnition. Let f0 be a real valued mapping on E , consider ρ with representation (1) and, for each f ∈ A, let us deﬁne
Kρ :=
⋂
f ∈A
K f , where K f :=
{
x ∈ E: −α( f ) f (x) α( f )}.
We say that ρ satisﬁes the no arbitrage condition with respect to the vector order relation  and mapping f0 if:
E++ ∩ Kρ − E++ ⊆ ker f0. (4)
The above closure (marked by overline) is taken in the (o)-convergence topology (see Appendix A), ker f0 denotes the kernel
of f0, and E++ := {x ∈ E: x> 0}.
Remarks. There are several other deﬁnitions for no arbitrage in the literature; one of the most famous is the No Free
Lunches condition (see [3, pp. 169–170]):
E++ ∩ Kρ − E++ = ∅, (5)
where the closure is taken in an a priori vector topology on E . It is easy to see that, if ρ satisﬁes (5) with the closure taken
in any locally convex topology on E weaker than the (o)-convergence topology and compatible with the order structure,
then ρ satisﬁes (4). (Recall that, if E is a vector lattice, then any locally convex compatible topology is weaker than the
(o)-convergence topology.) Condition (5) is strictly stronger than (4): for instance, when E = L∞(Ω,F , P ), choose f0 in
the Banach space of bounded ﬁnitely additive measures on F and absolutely continuous with respect to P , but such that
P is not absolutely continuous with respect to f0. However (see [10, Theorem 3.4]), if ker f0 ⊆ E++ , then (4) and (5) are
equivalent.
In the sequel we denote by E×0 the order dual of E (see Appendix A). Our main result proves, under some technical
hypotheses, the equivalence between the relevance property (2) and the no arbitrage condition (4) for mappings deﬁned
by (1). Speciﬁcally, we have:
Theorem. Consider a vector space E with vector ordering, a subspace E× ⊆ E×0 total in E ′ , a real valued mapping f0 on E, and a
mapping ρ with representation (1). Then (2) implies (4). The converse is false in general. However, if E is a lattice with strong order
unit and f0 is linear, then (4) implies (2).
When we specialize to coherent measures of risk, our Theorem shows the equivalence between the relevance property (3)
and the no arbitrage condition (5), extending Theorem 3.2 in [10]. More precisely, we have:
Corollary. Consider a vector lattice E and a coherent measure of risk ρ continuous from below (or a convex lower semicontinuous
mapping ρ) with representation (1). Then (3) implies (5). If, in addition, E has a strong order unit, then (5) implies (3).
This intimate relationship between no arbitrage and relevance is a primer in the ﬁnancial literature, and our ﬁndings
open a new perspective on these ﬁnancial objects.
2. Proofs
Lemma. On a vector space E with vector ordering, consider a mapping ρ with representation (1). Then condition (2) is equivalent to:
Kρ ⊆ ker f0 .
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ρ(x)− f 1ε,x(x) − α
(
f 1ε,x
)+ ε and ρ(−x) f 2ε,x(x) − α
(
f 2ε,x
)+ ε
for some f 1ε,x, f
2
ε,x ∈ A depending on x and ε. As x ∈ K f for any f ∈ A, the above inequalities imply that ρ(x)  0 and
ρ(−x) 0 therefore, by hypothesis, we obtain that f0(x) = 0.
Conversely, assume that Kρ ⊆ ker f0 and let x ∈ E satisfy ρ(x) 0, ρ(−x) 0. Using (1), for any f ∈ A we have
f (−x) − α( f ) ρ(x) and f (x) − α( f ) ρ(−x);
hence −α( f ) f (x) α( f ) for any f ∈ A, i.e., x ∈ Kρ . According to the hypothesis we have x ∈ ker f0, hence (2) holds. 
Proof of the Theorem. For the direct implication, assume (2) and consider x> 0 such that x ∈ Kρ − E++ . Therefore, we can
write
x = (o)- lim(xn − yn) for some 0 < yn ∈ E and xn ∈ Kρ, n 1.
As f (xn) α( f ) for f ∈ A and n 1, we have
0 f (x) = lim
n→∞
[
f (xn) − f (yn)
]
 α( f ) − lim
n→∞ f (yn) α( f ).
The above inequalities imply that x ∈ Kρ and, according to the above Lemma, we have x ∈ ker f0, hence (4) holds.
The following counterexample, inspired by [4, Sections 6 and 8], shows that, in general, the converse is false. Let
E = R, ρ(x) = −x− 1 and f0(x) = x−, the negative part of x ∈ R.
We thus have: Kρ = K f = [−1,1], ker f0 = [0,+∞), A = { f }, where f (x) = x and α( f ) = 1. As
[−1,1] − (0,+∞) ∩ (0,+∞) = [0,1) ⊂ ker f0,
condition (4) is satisﬁed, but ρ is not f0-relevant in the sense of deﬁnition (2), as ρ(x),ρ(−x) 0 ⇔ x ∈ [−1,1].
Let us prove the converse implication under the stronger assumptions therein. Assume (4); according to the above
Lemma, it suﬃces to consider x ∈ Kρ and prove that x ∈ ker f0. As E is a vector lattice and f0 linear, we may write
x = x+ − x− , and therefore assume that x > 0 (if x = 0 there is nothing to prove). Denote by e the strong unit in E; as E is
an Archimedean space, there exists a rank n0 such that x> n−1e for n n0. By (4) we have that
x− n−1e ∈ Kρ − E++ ⊆ ker f0.
As f0 is linear, we have f0(x) = limn→∞ n−1 f0(e) = 0, i.e., x ∈ ker f0, hence (2) holds. 
Proof of the Corollary. Take into account that A ⊆ E× ⊆ E×0 (see [10, pp. 801–802]), and then apply the Theorem to a real
valued linear mapping f0 on E with ker f0 = {0}. 
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Appendix A
Let E be a vector space endowed with a vector ordering  and algebraic dual E ′ . The subspace E× is called total in E ′
if f (x) = 0 for all f ∈ E× implies x = 0. The sequence (xn)n1 in E is called order convergent to x, or (o)-convergent to x,
denoted by x = (o)- lim xn , if there exist two sequences an ↗ 0 and bn ↘ 0 in E such that an  xn − x bn for all n. In an
ordered vector space (with no a priori topology), one denotes by E×0 the order dual of E , i.e., the ordered vector subspace
of E ′ consisting of sequentially order continuous functionals: f (xn) → f (x) provided x = (o)- lim xn . E is called vector lattice
if any two elements have a least upper bound (sup) and a greatest lower bound (inf) with respect to the vector ordering.
In a vector lattice, one deﬁnes the positive and negative part of x by x+ = sup{x,0}, x− = sup{−x,0}, whence x = x+ − x− .
In particular, the subspace E×0 (hence E× in our main result, as well) is total in E ′ if E is a vector lattice. E is called an
Archimedean space if infn1 n−1x = 0 for any x ∈ E . An element 0 < e ∈ E is called strong order unit if for each x ∈ E there
is a t > 0 such that |x| te, where |x| = x+ + x− (e.g., 1 ∈ L∞(Ω,F , P ), where (Ω,F , P ) is a complete probability space).
E is called a σ -complete vector lattice if any countable bounded subset of E has inf and sup. A mapping ρ on a vector space
E with vector ordering is called continuous from above if ρ(xn) ↗ 0 provided 0  xn  1, xn ↘ 0; it is called continuous
from below if ρ(xn) ↘ −1 provided 0  xn ↗ 1. If E has a strong order unit, then the latter is equivalent to the familiar:
ρ(xn) ↘ ρ(x) provided 0  xn ↗ x. Continuity from below is strictly stronger than continuity from above, and continuity
from above amounts to lower semicontinuity on bounded ordered vector spaces. For more details, consult [11, Chapters 4,
11 and 13].
G. Stoica, D. Li / J. Math. Anal. Appl. 366 (2010) 124–127 127References
[1] P. Artzner, F. Delbaen, J.-M. Eber, D. Heath, Coherent measures of risk, Math. Finance 9 (1999) 203–228.
[2] S. Biagini, M. Frittelli, On the extension of the Namioka–Klee theorem and on the Fatou property for risk measures, in: F. Delbaen, M. Rásonyi,
C. Stricker (Eds.), Optimality and Risk – Modern Trends in Mathematical Finance. The Kabanov Festschrift, 2009, pp. 1–28.
[3] S.A. Clark, Arbitrage approximation theory, J. Math. Econom. 33 (2002) 167–181.
[4] F. Delbaen, Coherent risk measures on general probability spaces, in: Adv. Finance Stoch., Springer-Verlag, Berlin, 2002, pp. 1–37.
[5] H. Föllmer, A. Schied, Convex measures of risk and trading constraints, Finance Stoch. 6 (2002) 429–447.
[6] H. Föllmer, A. Schied, Robust preferences and convex measures of risk, in: Adv. Finance Stoch., Springer-Verlag, Berlin, 2002, pp. 39–56.
[7] M. Frittelli, E.R. Gianin, Putting order in risk measures, J. Banking Finance 26 (2002) 1473–1486.
[8] M. Frittelli, G. Scandolo, Risk measures and capital requirements for processes, Math. Finance 16 (2006) 589–612.
[9] S. Jaschke, U. Küchler, Coherent risk measures and good-deal bounds, Finance Stoch. 5 (2001) 181–200.
[10] G. Stoica, Relevant coherent measures of risk, J. Math. Econom. 42 (2006) 794–806.
[11] A.C. Zaanen, Introduction to Operator Theory in Riesz Spaces, Springer-Verlag, Berlin, 1997.
